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Controlled/living radical copolymerization (CLRcoP) operated in a batch process is
subject to composition drifting and thus produces spontaneous gradient copolymer.
The composition distribution along the chain length of individual chains is solely
determined by the reactivities of comonomers and the as-synthesized product is uncon-
trolled. Design of the composition vs. chain length profile provides a new route for
developing polymer materials with tailor-made properties. Presented in this article is a
theoretical mainframe used for the control over composition distribution along the
chain length in atom transfer radical copolymerization. The control is based on a
semibatch reactor technology with programmed comonomer feeding rates. Illustrated
are three copolymerization model systems with representative reactivity ratios. The tar-
geted composition distribution profiles are uniform, linear gradient, parabolic gradient,
hyperbolic gradient, and di-block and tri-block distributions. � 2006 American Institute

of Chemical Engineers AIChE J, 53: 174–186, 2007
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Introduction

Controlled/living radical polymerization (CLRP) has been
extensively investigated over the past decade.1–3 There are
three well established mechanisms: (1) nitroxide mediated
polymerization (NMP),4–6 (2) atom transfer radical polymer-
ization (ATRP),7–9 and (3) reversible addition fragmentation
chain transfer polymerization (RAFT).10–12 CLRP is rapidly
evolving into a powerful tool in macromolecular engineer-
ing.13,14 CLRP offers great control over molecular weight
(MW) and molecular weight distribution (MWD). It has also
proved reliable for designing various chain architectures such
as block, graft, brush, and star polymers. The majority of

work on CLRP in the literature focuses on molecular weight
control in homopolymerization, although copolymerization is
of particular importance in preparing polymer products with
tailored properties.15–17 By changing the type of comonomers
and their relative amounts, a large number of polymer prod-
ucts can be designed. In addition to MW and MWD, copoly-
mer composition (CC) and copolymer composition distribu-
tion (CCD) are also key parameters that determine materials
properties of a copolymer product. The combination of
CLRP and copolymerization, that is, controlled/living radical
copolymerization (CLRcoP), provides an opportunity for pre-
paring copolymer products with tailor-made chain structure
and superior materials properties.18–21

The kinetics of individual chain formation in CLRcoP is very
different from that in conventional free radical polymerization.
In conventional polymerization, polymer chains are formed
instantaneously. It takes only seconds for an individual chain to
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propagate thousands of monomers from initiation to termina-
tion. The whole course of polymerization usually requires hours
to complete with high monomer conversion. The final product
is therefore composed of polymer chains generated at different
times. Because of the different reactivities of comonomers,
polymer chains generated at different times from a batch pro-
cess have different compositions (that is, ‘‘composition drift-
ing’’). The copolymer composition is correlated to comonomer
composition by theMayer–Lewis equation. In CLRcoP, the ma-
jority of polymer chains are generated at the very beginning of
polymerization. The chains remain ‘‘living’’ during the whole
course of polymerization at a timescale of hours. The livingness
is realized by rapid and frequent exchanges between propagat-
ing and dormant states. The chain growth is repeatedly activated
and deactivated. All the chains take hours to grow. As a result,
the chains are subject to composition drifting from end to end.
Individual chains process an identical composition profile. Such
a product has been termed a spontaneous gradient copolymer.7

The synthesis of spontaneous gradient copolymers by batch
CLRcoP has been well demonstrated.18,22,23

Composition gradient as a new variable to fine-tune chain
structure has attracted increased attention in the recent years.24–26

In theory, the composition gradient can have any profile from
uniform to block. The influence of some special composition dis-
tributions on polymer properties has been investigated. Gradient
copolymers have been found to be more effective than block
counterparts in compatibilizing polymer blends. Designing the
gradient profile is essential in achieving optimal copolymer prop-
erties. In a batch process, the gradient profile is solely determined
by the reactivity ratios of comonomers and their initial composi-
tions. For a given pair of comonomers, the gradient profile is
spontaneous and as-received. Recently, we launched a research
program aimed at developing reactor technologies to design and
control optimal gradient copolymer products. In our previous ar-
ticle, we demonstrated by simulation that semibatch RAFT
copolymerization with an appropriate monomer feeding policy
offers effective control over the copolymer gradient profile.27 In
this work, we develop a kinetic model for semibatch ATRP
copolymerization and investigate the effect of comonomer feed-
ing policies on the gradient profile of resulting copolymers.

Model Development

Polymerization scheme and kinetic equations

The elementary reactions involved in the model are sum-
marized in Table 1. In this development, we use the terminal
model28; that is, only the terminal unit of a propagating radi-

cal and the unit adjacent to halogen atom of a dormant chain
have influence on the comonomer reactivities. It should be
noted that the penultimate effect can be significant in some
copolymerization systems.29 However, taking this effect into
account makes the mathematic expressions much more com-
plicated and introduces many kinetic parameters that cannot
be easily estimated by experiment. In this article, we also
neglect some side reactions, such as thermal self-initiation
and b-H elimination by deactivator, for instance.

There are three types of chain species involved in the ATRP
copolymerization: (1) propagating radical chain (Pr,i�), (2) dor-
mant radical chain (Pr,iX), and (3) dead chain (Pr). The subscript
notation r denotes the length of chain, whereas i stands for the
terminal unit of chain. The kinetic equations for each type of
chains in a batch reactor are summarized in Table 2.

Definition of chain moments and derivation of
moment equations

The methodology used in this study is an extension of Zhu’s
previous work on ATRP copolymerization.30–32 The moments
of chain species are defined in Table 3. With this definition, we
can readily describe the chain properties such as instantaneous
copolymer composition, number-average chain length, weight-
average chain length, polydispersity index, and molar and
weight fractions of dead chains:

Fi ¼
kin;i½P�0�½Mi� þ

P
j kp;jiR

0
j ½Mi�P

i kin;i½P�0�½Mi� þ
P

i

P
j kp;jiR

0
j ½Mi� (1a)

Table 1. Elementary Reactions Involved in
ATRP Copolymerization

Initiation P0X þ C  !ka;0=kd;0
P�0 þ XC

P�0 þMi�!
kin;j

P�1;i

Propagation P�r;i þMj�!
kp;ij

P�rþ1;j

ATRP equilibrium
Pr;iX þ C  !ka;i=kd;i

P�r;i þ XC

Termination P�r;i þ P�s;j�!
ktc;ij

Psþr

P�r;i þ P�s;j�!
ktd;ij

Pr þ Ps

Table 2. Kinetic Equations for Each Type of Chain Species

Type of Chains Mass Balance Equations

Propagating radical d½P�r;i�
dt
¼

X
j

kp;ji½P�r�1;j�½Mi� �
X
j

kp;ij½P�r;i�½Mj� þ ka;i½Pr;iX�½C� � kd;i½P�r;i�½CX� �
X
j

X
s

kt;ij½P�r;i�½P�s;j�

Dormant d½Pr;iX�
dt

¼ kd;i½P�r;i�½CX� � ka;i½Pr;iX�½C�

Dead d½Pr �
dt
¼

X
i

X
j

Xr

s¼0
ktc;ij½P�s;i�½P�r�s;j� þ

X
i

X
j

X
s

ktd;ij½P�r;i�½P�s;j�
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rN ¼
P

iðR1
i þ Q1

i þ D1ÞP
iðR0

i þ Q0
i þ D0Þ (1b)

rW ¼
P

iðR2
i þ Q2

i þ D2ÞP
iðR1

i þ Q1
i þ D1Þ (1c)

PDI ¼ rW
rN

(1d)

Ndead ¼ D0P
iðR0

i þ Q0
i þ D0Þ (1e)

Wdead ¼ D1P
iðR1

i þ Q1
i þ D1Þ (1f)

After some mathematical manipulations, a complete set of
moment equations can be derived as summarized in Table 4.

Semibatch reactor model

Our objective is to design and control composition distribu-
tion along a copolymer chain through semibatch operations.
The feed of reactants affects the mass balances in reactor. We
therefore need to develop a reactor model for the semibatch
polymerization. A well-mixed isothermal tank reactor is assumed
in the current work. Because initiator, activator, and deactivator
are in trace amounts, only monomer, solvent, and polymer signif-
icantly contribute to volume V and density r. The evolution of
reaction volume V follows:

dV

dt
¼ vf �

Xn
i¼1

mwiRp;i
1

ri
� 1

rp

8>>>:
9>>>;V (2)

where the first term on the right-hand side, vf, is the volumetric
feeding rate, and the second term is the change in volume as a
result of difference in the densities between monomer ri and
polymer rp. The evolution of density in the reactor can be
obtained through applying mass balance to all entities:

dðVrÞ
dt
¼ vfrf (3a)

that is,

dr
dt
¼ vfrf

V
� r
V

dV

dt
(3b)

where rf is the density of feeding materials. The mass bal-
ance equations for species i are

dðVCiÞ
dt

¼ vf Ci;f þ VRi (4a)

that is,

dCi

dt
¼ 1

V
vf Ci;f � Ci

dV

dt

8>: 9>;þ Ri (4b)

where Ci and Ci,f are the concentrations of species i in the re-
actor and in the feed, respectively; Ri is the intrinsic reaction
rate of species i, as expressed in Table 4.

In the simulation, we use the parameters as summarized in
Table 5 and assume 758C. The ATRP bulk copolymerization
recipe is shown in Table 6.

Strategy for chain microstructure control

The moment equations in Table4 for the reaction kinetics
and Eqs. 2, 3, and 4 for the reactor operation conditions
form a complete set of differential equations for the semi-
batch ATRP copolymerization. Given the initial conditions
and feeding policies, we can obtain the composition profile
as well as other important chain characters by numerically
solving these ODEs. On the other hand, once a special com-
position profile or chain structure is targeted, we can solve
these equations to obtain the feeding policies. Generally, we
can apply a constraint to the ODEs:

F1 ¼ f ðrNÞ (5)

This constraint is the targeted profile of copolymer composi-
tion (F1) along the polymer chain (rN). The form of function
f is designed from the requirements of materials properties in
application. For example, f can be designed as a continuous
function such as Eq. 6 or 7. The former denotes a uniform
composition along the copolymer chain and the latter a linear
gradient copolymer, respectively:

F1 ¼ constant (6)

F1

rN
¼ constant (7)

However, f can also be a discontinuous function, as in the
following equation, which stands for a block copolymer:

F1 ¼ 0 rN � rN;targeted
2

F1 ¼ 1 rN.
rN;targeted

2

8><
>: (8)

By solving these equations, we can obtain a curve of feeding
rate vs. time for the targeted chain structure.

Results and Discussion

Copolymer with uniform composition

In a CLRcoP system with different reactivity ratios, a batch
process produces gradient copolymer chains as received. The

Table 3. Definition of Various Chain Moments

Type of Chains Definition of the Moment

Propagating radical
Rm
i ¼

X1
r¼1

rm½P�r;i�

Dormant
Qm

i ¼
X1
r¼1

rm½Pr;iX�

Dead
Dm ¼

X1
r¼1

rm½Pr �
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gradient profile is solely determined by the reactivity ratios,
which may not be optimal in certain applications. For gradient
profiles at will, one can apply semibatch feeding strategies. In
this section, we demonstrate a semibatch feeding strategy
aimed at uniform composition distribution, designed to control
the composition drifting along the copolymer chain through a
programmed comonomer feeding rate. Three model systems
are selected for simulation as shown in Table 7.

In the semibatch process of interest, the targeted copoly-
mer composition is an equal molar fraction of 0.5. The full

amount of the slow comonomer (Monomer 2) is charged to
the reactor at the very beginning of polymerization. How-
ever, only a part of the fast comonomer (Monomer 1) is ini-
tially charged. The initial amount of Monomer 1 is calculated
from the Mayo–Lewis equation with the targeted copolymer
composition (F1 ¼ 0.5) as shown in column 5 in Table 7.
The rest of the fast monomer is stored in a tank and is
charged to the reactor during the course of polymerization by
a programmed metering pump. With the constraint condition
of Eq. 6, the feeding rate vs. time curves for the three model

Table 4. Differential Moment Equations

Zeroth-order moments (that is, molar concentration of chains)
Radical dR0

i

dt
¼ kin;i½P�0�½Mi� þ

X
j 6¼i

kp;jiR
0
j ½Mi� �

X
j 6¼i

kp;ijR
0
i ½Mj� þ ka;iQ

0
i ½C� � kd;iR

0
i ½CX� �

X
j

kt;ijR
0
i R

0
j � kt;i0R

0
i ½P�0�

Dormant dQ0
i

dt
¼ kd;iR

0
i ½CX� � ka;iQ

0
i ½C�

Dead dD0

dt
¼

X
i

X
j

ktd;ijR
0
i R

0
j þ

1

2

X
i

X
j

ktc;ijR
0
i R

0
j þ

X
i

kt;i0R
0
i ½P�0�

First-order moments (that is, molar concentration of monomer units in chains)
Radical dR1

i

dt
¼ kin;i½P�0�½Mi� þ

X
j

kp;jiR
0
j ½Mi� þ

X
j 6¼i

kp;jiR
1
j ½Mi� �

X
j 6¼i

kp;ijR
1
i ½Mj� þ ka;iQ

1
i ½C� � kd;iR

1
i ½CX�

�
X
j

kt;ijR
1
i R

0
j � kt;i0R

1
i ½P�0�

Dormant dQ1
i

dt
¼ kd;iR

1
i ½CX� � ka;iQ

1
i ½C�

Dead dD1

dt
¼

X
i

X
j

kt;ijR
1
i R

0
j þ

X
i

kt;i0R
1
i ½P�0�

Second-order moments
Radical dR2

i

dt
¼ kin;i½P�0�½Mi� þ

X
j

kp;jiR
0
j ½Mi�Y0

j þ
X
j 6¼i

kp;jiðR2
j þ 2R1

j Þ½Mi� �
X
j6¼i

kp;ijR
2
i ½Mj� þ ka;iQ

2
i ½C� � kd;iR

2
i ½CX�

�
X
j

kt;ijR
2
i R

0
j � kt;i0R

2
i ½P�0�

Dormant dQ2
i

dt
¼ kd;iR

2
i ½CX� � ka;iQ

2
i ½C�

Dead dD2

dt
¼

X
i

X
j

ktd;ijR
2
i R

0
j þ

X
i

X
j

ktc;ijðR2
i R

0
j þ R1

i R
1
j Þ þ

X
i

kt;i0R
2
i ½P�0�

Small molecules
Initiator d½P0X�

dt
¼ kd;0½P�0�½CX� � ka;0½P0X�½C�

Primary radical d½P�0�
dt
¼ �

X
i

kin;i½Mi�½P�0� � kd;0½P�0�½CX� þ ka;0½P0X�½C� �
X
i

kt;i0R
2
i ½P�0� � 2kt;00½P�0�2

Catalyst d½C�
dt
¼ kd;0½P�0�½CX� � ka;0½P0X�½C� þ

X
i

kd;iR
0
i ½CX� �

X
i

ka;iQ
0
i ½C�

Deactivator d½CX�
dt
¼ d½C�

dt

Monomer d½Mi�
dt
¼ �kin;i½P�0�½Mi� �

X
j

kp;jiY
0
j ½Mi�
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systems, as shown in Figure 1a, are obtained by solving the
full set of ODEs.

Figure 1b shows the copolymer composition profiles (sym-
bols) obtained through such feeding policies. For comparison,
we also show their ‘‘instantaneous composition’’ profiles
(lines) of the corresponding batch operations, that is, the full
amounts of both comonomers are charged to the reactor at the
very beginning. In the batch cases, the change of instantaneous
composition in System 1 (r1 ¼ 0.8, r2 ¼ 0.2) is minor. F1 is
around 0.5 for the most part of copolymer chains and decreases
to 0 only at the very end of polymerization. The composition
drifting is significant in System 2 (r1 ¼ 2, r2 ¼ 0.5). The indi-
vidual chains have 2/3 of Monomer 1 at one end and pure
Monomer 2 at the other end. The product is a spontaneous and
uncontrolled gradient copolymer. In the case of System 3 (r1 ¼
10, r2 ¼ 0.1), the composition drifting becomes dramatic. The
copolymer chains from the batch polymerization have a quar-
ter of their lengths containing 90% of Monomer 1 at one end
and another quarter of their lengths with pure Monomer 2 at
the other end. The middle portion of the chains has a steep gra-
dient composition distribution.

In contrast, the semibatch operation with the comonomer
feeding rate profiles as shown in Figure 1a offers a good con-

trol over the composition drifting. In all three model systems,
the compositions remain unchanged at the targeted value of
F1 ¼ 0.5 along the chain length. It should be pointed out that
both radical concentration and copolymer composition change
considerably at the beginning of polymerization. It is difficult
to control the composition at this unsteady stage. The feeding
of Monomer 1 in our simulation starts after the ATRP system
reaches its steady state. As the result, the composition ap-
proaches the targeted value after a few monomer units.

The influences of the different operation modes (semibatch
vs. batch) on polymerization kinetics, molecular weight de-
velopment, and accumulation of dead polymer are illustrated
in Figures 1c–1f. In the cases of Systems 1 and 2, the poly-
merization is consummated in 20 h for both batch and semi-
batch operations. The semibatches are slightly slower than
their batch counterparts. However, the rate of semibatch po-
lymerization of System 3 is significantly lower than that of
its batch. Only 70% monomer conversion is achieved after
40 h. As shown in Figure 1d, independent from the operation
modes and reactivity ratios, the number-average chain length
increases linearly with the total monomer conversion except
for a small deviation at the beginning. The deviation is
explained by the fact that not all the initiator molecules are
decomposed at the same time. With respect to the molecular
weight distribution, the first two systems are well controlled
with the polydispersity index (PDI) values about 1.1 for most
of the polymerization period. Slightly higher PDI values are
observed in the semibatch operations as shown in Figure 1d.
In the case of System 3, the PDI value in the semibatch is
unfortunately much higher than that in the batch.

Another important property is the fraction of dead chains that
have a negative effect on chain functionalization and extension.
This information is also provided in our simulation. The molar
fractions of dead chains (Ndead) are shown in Figure 1e for the
different cases, whereas the weight fractions of dead chains
(Wdead) are shown in Figure 1f. It can be seen that the fractions
of dead chains are <20% by mole and 10% by weight in most
cases except for the semibatch operation of System 3.

Table 5. Parameters Used in Simulation

Parameter Value

Initiation kin,i kin,i 2 m3 mol�1 s�1

Homo-propagating kp,ij (i ¼ j) Depends on model system
Cross-propagating kp,ij (i = j) Depends on reactivity ratios
Activation ka,i

33 10�3 m3 mol�1 s�1

Deactivation kd,i
33 104 m3 mol�1 s�1

Disproportional
termination

ktd,ij
34 105 m3 mol�1 s�1

Combinative termination ktc,ij 0 m3 mol�1 s�1

Density of monomer rMi
900 kg m�3

Density of polymer rp 1100 kg m�3

Monomer m.w. mwi 0.1 kg mol�1

Table 7. Model Systems for Simulation

Model
System

Approximate
Monomer System22

Reactivity
Ratios

Homo-propagation
Rate Coefficients* (m3 mol s)35

Slow Comonomer Initially
Charged to Reactor**

1 Styrene r1 ¼ 0.8 kp,11 ¼ 0.5, kp,22 ¼ 20 50.0%
n-Butyl acrylate r2 ¼ 0.2

2 Methyl methacrylate r1 ¼ 2 kp,11 ¼ 1, kp,22 ¼ 5 53.2%
Methyl acrylate r2 ¼ 0.5

3 Methyl methacrylate r1 ¼ 10 kp,11 ¼ 1, kp,22 ¼ 20 13.2%
Vinyl chloride r2 ¼ 0.1

**Approximate values at 348.15 K.
**Mayo–Lewis equation at F1 ¼ 0.5; the comonomers are consumed at an unsteady state.

Table 6. Recipes for the Simulation

Component Total Amount Amount in Reactor*

Monomer 1 5 mol Depends on the targeted composition profile and reactivity ratios
Monomer 2 5 mol Depends on the targeted composition profile and reactivity ratios
Initiator 1 mol % with respect to the total amount of monomer All charged to reactor*
Activator 1 mol % w.r.t. total amount of monomer All charged to reactor

*In all cases, initiator and catalyst are charged to the reactor at the very beginning to avoid the generation of living chains at different stages that could broad
molecular weight distribution.
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Figure 1. Semibatch ATRP copolymerization of three model systems and targeted uniform copolymer composition
F1 5 0.5 (reactivity ratios are noted in the figure).

(a) Variation of volumetric feeding rate with time, (b) instantaneous copolymer composition vs. average chain length, (c) total monomer
conversion vs. reaction time, (d) average chain length and polydispersity vs. total monomer conversion, (e) molar fraction of dead chains
vs. total monomer conversion, and (f) weight fraction of dead chains vs. total monomer conversion. The lines are the results of a batch
operation for comparison.
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Figure 2. Semibatch ATRP copolymerization with reactivity ratios r1 5 2 and r2 5 0.5 and targeted
linear gradient copolymer composition F15 rN/rN,targeted and inverse linear gradient copolymer composition
F15 1� rN/rN,targeted.

(a) Variation of volumetric feeding rate with time, (b) instantaneous copolymer composition vs. average chain length, (c) total monomer con-
version vs. reaction time, (d) average chain length and polydispersity vs. total monomer conversion, and (e) molar and weight fraction of dead
chains vs. total monomer conversion.
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The model systems we selected for simulation are represen-
tative in copolymerization.36 There are many real systems that
have their copolymerization behaviors close to these model
systems. From the simulation results, it is found that, unlike
the spontaneous and uncontrolled composition drifting in batch
operation, the copolymerization in semibatch enjoys good con-
trol over copolymer composition along the chain length. How-
ever, the semibatch is subject to lower polymerization rates,
broader molecular weight distributions, and higher contents of
dead chains than its batch counterpart, especially when the dif-
ference between reactivity ratios is large.

Gradient copolymers with controlled composition profile

Gradient copolymers have special thermodynamic and me-
chanical properties, especially interfacial properties, because
composition along the chains changes gradually from one end
to the other. However, the synthesis of gradient copolymers
with controlled composition distribution is still an obstacle for
polymer chemists. Besides uniform composition along the chain
length, copolymers with controlled gradient composition distri-
butions can also be prepared through semibatch operations. In
such cases, the right side of Eq. 5 is a designed function of the
average chain length. For example, if a linear gradient copoly-
mer product is targeted, the following expression can be used as
the constraint in developing the comonomer feeding strategy:

F1 ¼ rN
rN;targeted

(9)

For copolymers with an asymmetric composition distribution
along chain, there are two approaches in terms of the monomer
feeding and direction of chain growth. For example, we can syn-
thesize a linear gradient copolymer by initially charging all Mono-
mer 2 to the reactor and use Eq. 9 to optimize the feeding policy (a
normal operationmode). Through the programmed feeding rate of
Monomer 1, as shown in Figure 2a, we can obtain the instantane-
ous copolymer composition that increases linearly from 0 to 1 as

the chains grow (see Figure 2b). We can also charge all Monomer
1 to the reactor at the beginning and use the inverse form of Eq. 9

F1 ¼ 1� rN
rN;targeted

(10)

to calculate the feeding rate of Monomer 2 (an inverse opera-
tion mode). The copolymer composition distribution along
chains is shown in Figure 2b. It should be noted that, although
the two lines in Figure 2b are inverse with each other, they
actually correspond to the same chain structure. The copoly-
mer composition along the chains in Figure 2b deviates from
the linear expression when the chains are short in both normal
and inverse cases. The slow initiator decomposition rate is re-
sponsible for this defect in the chain structure.

The copolymerization kinetics for the linear gradient copoly-
mers are shown in Figure 2c. The polymerization rate of the
‘‘inverse’’ operation mode is much faster than that of the normal
mode. The monomer conversion can exceed 95% within 15 h in
the former, whereas it requires >60 h in the latter. The PDI val-
ues shown in Figure 2d are roughly 1.1 for both cases. However,
the fractions of dead chains are quite different, as seen in Figure
2e. At 95%monomer conversion, fractions of the dead chains in
the normal and inverse modes are 30 and 18% by mole and 25
and 7% by weight, respectively.

It is interesting to note that the different directions of chain
growth have such a dramatic effect on the polymerization rate
and dead chain fractions. The inverse mode has a clear advant-
age over the normal mode in the polymerization rate and prod-
uct quality in terms of the content of dead chains.

To synthesize gradient copolymers with other novel chain
structures, such as parabolic and hyperbolic composition pro-
files, we can use the following constraint conditions

F1 ¼ rN
rN;targeted

� �2

(11)

Figure 3. Semibatch ATRP copolymerization with reactivity ratios r1 5 2 and r2 5 0.5 and targeted parabolic and
hyperbolic gradient copolymer composition as Eqs. 11 and 12.

(a) Variation of volumetric feeding rate and total monomer conversion with time and (b) instantaneous copolymer composition vs. average
chain length.
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F1 ¼ 1

2
þ 1

2
tanh l

rN
rN;targeted

� 1

2

� �
(12)

to obtain the feeding policies. The hyperbolic gradient copoly-
mer described by Eq. 12 has an adjustable parameter l (l ¼
5 in our simulation) that determines the gradient sharpness.
As the l value increases, this gradient copolymer becomes
similar to a di-block structure. The semibatch monomer feed-
ing curves are given in Figure 3a. The instantaneous compo-
sition distributions of as-synthesized gradient copolymers are
illustrated in Figure 3b.

Di-block and tri-block copolymers

If di-block and tri-block copolymers with a gradient por-
tion are targeted, the expressions of the composition profiles
can be set as

F1 ¼ 1� 2rN
rN;targeted

rN � rN;targeted
2

F1 ¼ 0 rN .
rN;targeted

2

8>><
>>: (13)

F1 ¼ 1 rN � 2rN;targeted
5

F1 ¼ 3� 5rN
rN;targeted

2rN;targeted
5

, rN � 3rN;targeted
5

F1 ¼ 0 rN .
3rN;targeted

5

8>>>>>><
>>>>>>:

(14)

The chain structures are illustrated in Figure 4b. There are
two steps to synthesize the di-block copolymer described by
Eq. 13. First, charging all Monomer 1 to the reactor and
feeding Monomer 2 by a programmed metering pump to gen-
erate the linear gradient portion. Then, all Monomer 2 left in

the tank is charged to the reactor to advance the polymeriza-
tion for the generation of homopolymer block. The process
to synthesize the tri-block copolymer is different from that of
di-block only by adding a step to form a homopolymer block
of Monomer 1 at the first. The feed rates for the gradient
block are shown in Figure 4a with the polymerization rate
profiles. It should be noted that as linear gradient copolymers
there are also two directions to synthesize the gradient block
in the di-block and tri-block copolymers.

A final point worth mentioning is that the methodology
developed in this work is generally applicable, where just a
few examples are illustrated. Polymer materials properties
are determined by chain microstructures. Designing chain
structure such as the copolymer composition distribution is
critical for the development of novel polymer materials with
tailor-made properties. The semibatch CLRcoP provides a
powerful tool for this purpose. As long as the targeted func-
tion of composition vs. chain length is defined, the developed
semibatch technology can be used for the polymer synthesis
through a programmed comonomer feeding strategy. The
computation requirement is minimal. In some special cases
with certain assumptions, analytical solutions of the ODEs
can be obtained. The Appendix shows the uniform composi-
tion case as an example.

Conclusions

The recently introduced novel concept of chain microstruc-
ture—gradient copolymers—is the result of controlled/living
radical copolymerization (CLRcoP). Batch polymerization
processes produce spontaneous gradient composition distribu-
tions that are solely determined by comonomer reactivity
ratios. Copolymer materials with such as-synthesized compo-
sition distributions may not be optimal for certain applica-
tions. In this work, we developed a mathematical model
based on the semibatch atom transfer radical copolymeriza-
tion (ATRcoP). The model predicts the polymerization rate,
composition distribution, molecular weight, polydispersity,

Figure 4. Semibatch ATRP copolymerization with reactivity ratios r1 5 2 and r2 5 0.5 and targeted di-block and tri-
block copolymers as Eqs. 13 and 14.

(a) Variation of volumetric feeding rate with time and (b) instantaneous copolymer composition vs. average chain length.
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and both number and weight fractions of dead chains. It is
demonstrated that precise design and control of various com-
position distributions along the chain length can be achieved
through programmed comonomer feeding rates. Three
copolymerization model systems with representative reactiv-
ity ratios (r1 ¼ 0.8, r2 ¼ 0.2; r1 ¼ 2, r2 ¼ 0.5; r1 ¼ 10, r2 ¼
0.1) are theoretically investigated. The example products in
the simulation are uniform, linear gradient, parabolic gradi-
ent, hyperbolic gradient, and di-block and tri-block copoly-
mers. It is found that in the synthesis of gradient copolymer
with an asymmetric composition distribution, the direction of
chain growth has a significant effect on both the polymeriza-
tion rate and the fraction of dead chains. For example, the
inverse mode has a clear advantage over the normal mode in
the preparation of linear gradient copolymers. A challenge of
the semibatch operation can be lower polymerization rate,
broader molecular weight distribution, and higher content of
dead chains than those of its corresponding batch counter-
part, particularly when the reactivity ratios significantly devi-
ate from unity. It should be pointed out that the developed
methodology is generally applicable for any targeted distribu-
tions.
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Notation

C = activator
Ci = concentration of species i in the reactor, mol m�3

Ci,f = concentration of species i in the feed, mol m�3

Dm = mth-order moment of dead chain
F1 = instantaneous copolymer composition
ka,i = activation rate coefficient for dormant chain with i-type

of terminal unit, m3 mol�1 s�1

kd,i = deactivation rate coefficient for radical with i-type of ter-
minal unit, m3 mol�1 s�1

kin,i = initiation rate coefficient, m3 mol�1 s�1

kp,ij = propagating rate coefficient for monomer j adding to rad-
ical with i-type of terminal unit, m3 mol�1 s�1

ktc,ij = combinative termination rate coefficient between radicals
with i and j types of terminal unit, m3 mol�1 s�1

ktd,ij = disproportional termination rate coefficient between radi-
cals with i and j types of terminal unit, m3 mol�1 s�1

mwi = molecular weight of monomer i, kg mol�1

Mi = monomer i
Ndead = molar fraction of dead chain

P0
� = primary radical

P0X = initiator
PDI = polydispersity index
Pr = dead chain with length r

Pr,i
� = propagating radical chain with length r and i-type of ter-

minal unit
Pr,iX = dormant chain with length r and i-type of terminal unit
Qi

m = mth-order moment of dormant chain with i-type of termi-
nal unit

ri = reactivity ratio of monomer i
rN = number-average chain length

rN ,targeted = targeted number-average chain length
rW = weight-average chain length
Ri = intrinsic reaction rate of species i, mol m�3 s�1

Ri
m = mth-order moment of propagating radical with i-type of

terminal unit

Rp,i = intrinsic propagating rate of monomer i, mol m�3 s�1

V = reaction volume, m3

vf = volumetric feeding rate, m3 s�1

Wdead = weight fraction of dead chain
XC = deactivator

Greek letters

r = reaction density, kg m�3

ri = density of monomer i, kg m�3

rp = density of polymer, kg m�3

rf = density of feeding materials, kg m�3
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Appendix: Analytical Expression for the
Kinetics of Synthesizing Uniform Copolymer

Based on the previous theoretical work of Charleux
et al.,37 the pseudokinetic rate coefficients for ATRP copoly-
merization can be expressed as follows:

Propagation

hkpi ¼ kp11f1f1 þ kp21f2f1 þ kp12f1f2 þ kp22f2f2 ðA1Þ

Termination

hkti ¼ kt11f1
2 þ 2kt12f1f2 þ kt22f2

2 (A2)

Deactivaton

hkdi ¼ kd1f1 þ kd2f2 (A3)

Activation

hkai ¼ ka1c1 þ ka2c2 (A4)

Equilibrium

hKi ¼ hkaihkdi ¼
ka1c1 þ ka2c2

kd1f1 þ kd2f2

(A5)

where fi represents are the mole fractions of the type-i radi-
cals that can be calculated based on the long-chain assump-
tion, such as fi ¼ r1kp,2f1/(r1kp,2f1 þ r2kp,1f2); ci represents
the mole fractions of the type-i dormant chains that can be
calculated as the result of ATRP equilibrium, such as c1 ¼
K2f1/(K2f1 þ K1f2). When a uniform copolymer composi-
tion distribution along the polymer chain is targeted (that is,
F1 ¼ constant), all those rate coefficients remain unchanged
during the copolymerization. Therefore, this kind of copoly-
merization kinetics is, in principle, similar to that of homo-
polymerization proposed by Fischer38 and Goto and Fukuda.3

However, we should also consider the volumetric variation
caused by the monomer feeding in a semibatch operation.
At a certain total monomer conversion x, the distribution of

comonomers between reactor and tank is illustrated in Table A1.
Ni0 is the initial mole of monomer i. The reaction volume V ¼
V0(1 þ ex), where V0 ¼ mw1N20f1/(rM1f2) þ mw2N20/rM2 is
the reaction volume at x ¼ 0. Vf ¼ N0(mw1F1 þ mw2F2)/rP is
the final volume when all monomers are converted to poly-
mer. e ¼ (Vf � V0)/Vf is the rate of volumetric variation.
The total moles of monomers in the semibatch system that

includes reactor and feeding tank, NM, decreases as

dNM

dt
¼ �hkpi½R�ðN1r þ N2rÞ ¼ �hkpi½R�½N20ð1� xÞ=f2�
¼ �ðhkpiF2=f2Þ½R�N0ð1� xÞ ¼ hkp0i½R�N0ð1� xÞ ðA6Þ

or

dx

dt
¼ hkp0i½R�ð1� xÞ (A7)

where [R] is the total radical concentration ([R1] þ [R2]) and
hkp0 i ¼ hkpiF2/f2 is defined as the apparent propagation rate
coefficient when a uniform copolymer composition is tar-
geted. If the ATRP quasi-equilibrium is reached, and the cu-
mulative concentration of dead chains is negligibly small
compared to the concentration of living chains, we obtain

½R� ¼ NR

V
ffi hKiNQNC

NYV
ffi hKiNI0NC0

NYV
(A8)
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where the subscripts Q, C, and Y denote dormant chain, acti-
vator, and deactivator, respectively. NI0 and NC0 are the
moles of initiator and activator at t ¼ 0. The moles of deacti-
vator, NY, are accumulated as the rate of

dNY

dx
¼ hkti½R�V=hkp0ið1� xÞ ¼ hk1ihKiNI0NC0=hkp0iNYð1� xÞ

(A9)

Integration of Eq. A9 yields

NY ¼ ½�2hktihKiNI0NC0 lnð1� xÞ=hkp0i�1=2 (A10)

Then, the molar fraction of dead chains is

Ndead ¼ NY=NI0 ¼ ½�2hktihKiNC0 lnð1� xÞ=hkp0iNI0�1=2
(A11)

By inserting Eqs. A8 and A10 into Eq. A7, the following
implicit form of polymerization rate can be obtained after
integration:

t ¼ 2hktiV0
2= hkp0i3hKiNI0NC0

� �h i1=2
� 2ð1þ eÞz3= 3þ ez expð�z2Þ � e

ffiffiffi
p
p

erfðzÞ=2� � ðA12Þ

Table A1. Distribution of Comonomer at Conversion x

Reactor Tank Total

Monomer 1 (mol�1) N20 (1 � x) f1/f2 N10 (1 � x) � N20 (1 � x) f1/f2 N10 (1 � x)
Monomer 2 (mol�1) N20 (1 � x) 0 N20 (1 � x)
Monomers converted into polymer (mol�1) N0 x 0 N0 x

Figure A1. Comparison between the analytical and numerical solutions for System 2 at two ATRP equilibrium con-
stants (10�7 and 10�8).
(a) Molar fraction of dead chains vs. total monomer conversion, (b) total monomer conversion vs. reaction time, and (c) variation of vol-
umetric feeding rate with time.
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where z ¼ [�ln(1 � x)]1/2. We can further solve the mono-
mer feeding rate by combining Eqs. 2 and A7:

vf ¼ hkp0i3hKiNI0NC0

2hktiV0
2

" #1=2

V0e� N0

X
i

FiMWi
1

rp
� 1

ri

8>>>:
9>>>;

" #

� 1� x

� lnð1� xÞð Þ1=2ð1þ exÞ

" #
ðA13Þ

There are three assumptions involved in this derivation:
(1) the long-chain assumption, (2) the establishment of
ATRP equilibrium at an early stage, and (3) negligible frac-
tion of dead chains.38 The previous work demonstrated that
the first two assumptions are valid in most ATRP systems,
whereas the third assumption is questionable especially when
hKi is large (>10�7).39 The analytical solutions are compared
to numerical results as shown in Figures A1a, A1b, and A1c.

Although the fraction of dead chains by the analytical esti-
mation deviates from the numerical value when a large hKi
value (10�7) is used, the agreement between the analytical
and numerical solutions in the polymerization rate and mono-
mer feed profile are satisfactory.
The kinetics of semibatch copolymerization differs from its

batch counterpart by the apparent propagating rate coefficient
hkp0 i instead of hkpi as illustrated in Eq. A7. The factor F2/f2
in the expression of hkp0 i denotes for the fraction of monomer
distributed in reactor. hkp0 i is always smaller than hkpi as F2/
f2 < 1. Thus, the polymerization rate in a semibatch reactor
is slower than that of a batch reactor because of the smaller
apparent propagating rate coefficient. As the difference of r1
and r2 becomes large, F2/f2 further decreases, and a signifi-
cant retardation occurs in the semibatch reactor as the case
of System 3.
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